We consider Levi non-degenerate tube hypersurfaces in C n+1 that are (k, n − k)-spherical, i.e. locally CR-equivalent to the hyperquadric with Levi form of signature (k, n − k), with n ≤ 2k. We show that the number of affine equivalence classes of such hypersurfaces is infinite (in fact, uncountable) in the following cases:
Introduction
We consider real hypersurfaces in the complex space C n+1 for n ≥ 1. Specifically, we will be discussing tube hypersurfaces. Recall that a hypersurface M is called tube if it has the form
where B is a hypersurface in R n+1 ⊂ C n+1 called the base of M. The geometry of M is completely determined by that of its base. Everywhere below we assume that M is connected and C ∞ -smooth (in fact, for all our arguments smoothness of class C 7 is sufficient). Clearly, affine maps of the form Z → AZ + a, A ∈ GL n+1 (R), a ∈ C n+1 , where Z = (z 0 , z 1 , . . . , z n ) is a point in C n+1 , preserve the class of tube hypersurfaces. Two tube hypersurfaces that can be mapped onto each other by a map of this kind are called affinely equivalent. It is not hard to construct an example of two CR-equivalent tube hypersurfaces that are not affinely equivalent. Indeed, let x j := Re z j , j = 0, . . . , n, and define tube hypersurfaces M 1 , M 2 for n ≥ 2 as follows (1.1)
One can show that these tube hypersurfaces are affinely non-equivalent. However, the polynomial transformation ϕ := ϕ (here and everywhere below asterisks indicate the coordinates of the image of a point under a map). For a study of relationships between affine and CRequivalence of tube hypersurfaces see [Lo] . Related work on tube domains was done in [KS1] , [KS2] .
In fact, in the example above, the map ϕ j for each j establishes CRequivalence between M j and the quadric defined by the equation
Tube hypersurfaces locally CR-equivalent to Levi non-degenerate quadrics are the subject of this paper. Let M be a Levi non-degenerate hypersurface in C n+1 , and let its Levi form have k positive and n − k negative eigenvalues at every point, where we assume that n ≤ 2k. We then say that M is (k, n − k)-spherical, if every point in M has a neighborhood CR-equivalent to an open subset of the quadric
where z := (z 1 , . . . , z n ). Recall that a C 1 -smooth CR-diffeomorphism between C ∞ -smooth Levi non-degenerate hypersurfaces is in fact C ∞ -smooth (see e.g. [Tu] and references therein); therefore, in the above definition the local CR-equivalence maps are assumed -without loss of generality -to be of class C ∞ . In our terminology the hypersurfaces M 1 , M 2 defined in (1.1) are (n−1, 1)-spherical. Observe that (n, 0)-spherical hypersurfaces are exactly hypersurfaces locally CR-equivalent to the sphere S 2n+1 ⊂ C n+1 . We also remark that the quadric Q k,n−k for all k and n can be viewed as an algebraic quadratic tube hypersurface analogous to M 1 (see (1.1)). Namely, the map
transforms Q k,n−k into the tube hypersurface given by the equation
Spherical tube hypersurfaces possess remarkable properties. For example, as was shown in [I4] , every such hypersurface is real-analytic and extends to a closed spherical tube hypersurface in C n+1 (see also [FK1] ). Thus from now on we will only consider closed hypersurfaces.
We are interested in the affine equivalence problem for spherical tube hypersurfaces. In [Y] Yang proposed to approach this problem by means of utilizing the zero CR-curvature equations arising from the Cartan-TanakaChern-Moser invariant theory (we note that an alternative approach has been recently proposed in [FK2] -see Remark 2.3). In the tube case the zero CRcurvature equations significantly simplify and lead to a second-order system of partial differential equations for the defining function (see [Y] , [I3] , [I5] ). The properties of the solutions of this system can be thoroughly investigated in general (see [I4] ). For the strongly pseudoconvex case this approach had led to a complete explicit affine classification (see [DY] ). One consequence of this classification is the finiteness of the number of affine equivalence classes of (n, 0)-spherical tube hypersurfaces for every n ≥ 1.
Further, a complete affine classification of (n − 1, 1)-spherical tube hypersurfaces was obtained in [IM] (hypersurfaces (1.1) are of course part of this classification). Again, for every n ≥ 2 the number of affine equivalence classes turned out to be finite. We were also able to obtain a complete affine classification for the case k = n − 2 (here n ≥ 4). This classification was announced in paper [I1] , where proofs were also briefly sketched. Full details were given in a very long preprint (see [I2] ). Because of the prohibitive length of the preprint complete proofs have never been published.
Our classification of (n − 2, 2)-spherical tube hypersurfaces in [I1] , [I2] implies that the number of affine equivalence classes of such hypersurfaces is finite for n ≤ 6 and infinite for n ≥ 7. One of the aims of the present paper is to provide a complete proof of the second part of this statement. We will see that algebraic non-quadratic hypersurfaces such as M 2 defined in (1.1) play an important role in the proof. In fact, our result is the following more general theorem (cf. Theorem 2 of [I1] ). THEOREM 1.1 The number of affine equivalence classes of closed connected (k, n − k)-spherical tube hypersurfaces in C n+1 is infinite (in fact, uncountable) in the following cases:
The proof of Theorem 1.1 is given in Section 2. We explicitly present two real 1-parameter families of algebraic non-quadratic (k, n − k)-spherical tube hypersurfaces that cover cases (i)-(iii) of Theorem 1.1, and show that all hypersurfaces in the families are pairwise affinely non-equivalent. Every hypersurface in each of the family is equivalent to the quadric Q k,n−k by means of a polynomial automorphism of C n+1 . We note that the techniques of [FK2] yield an alternative proof of statements (ii) and (iii) of Theorem 1.1, as well as an alternative way for obtaining the classifications of (n, 0)-and (n, 1)-spherical tube hypersurfaces found in [DY] , [IM] (see Remark 2.3). Theorem 1.1 does not cover the case k = 3, n = 6, and the question about the number of affine equivalence classes in this situation remained open until recently. In [FK2] Fels and Kaup constructed a real 1-parameter family of (3, 3)-spherical hypersurfaces in C 7 and showed that it contains uncountably many pairwise affinely non-equivalent hypersurfaces. Let S t be the hypersurface in C 7 whose base is given by the equation
For every t ∈ R consider the following cubic of three real variables
To every cubic c t Fels and Kaup assign a certain associative commutative algebra V ct with the property that two such algebras V ct 1 , V ct 2 are isomorphic if and only if the cubics c t 1 , c t 2 are linearly equivalent (i.e. can be mapped into each other by a transformation from GL 3 (R)). On the other hand, V ct 1 , V ct 2 are isomorphic if and only if the hypersurfaces S t 1 , S t 2 are affinely equivalent. It is shown in [FK2] that the cubics c t are pairwise linearly nonequivalent, for example, for t lying in a certain interval I ⊂ R. Furthermore, the (3, 3)-sphericity of every hypersurface S t is a consequence of the general algebraic approach of [FK1] , [FK2] to classifying all local tube realizations of a given CR-manifold (quadric (1.2) in his case). Thus one obtains the following result.
The hypersurfaces S t are (3, 3)-spherical for all t ∈ R and there exists an interval I ⊂ R such that S t are pairwise affinely nonequivalent for t ∈ I. In particular, the number of affine equivalence classes of closed connected (3, 3)-spherical tube hypersurfaces in C 7 is infinite (in fact, uncountable).
In this paper (see Section 3) we give a direct (and mostly analytic) proof of Theorem 1.2 different from that in [FK2] . First of all, we show that every S t is (3, 3)-spherical by explicitly presenting a polynomial automorphism of C 7 that transforms S t into Q 3,3 . Next, we use the same general method as in the proof of Theorem 1.1 to show that linear non-equivalence over R of two cubics c t 1 , c t 2 implies affine non-equivalence of the corresponding hypersurfaces S t 1 , S t 2 . Finally, we establish pairwise linear non-equivalence of the cubics c t for small |t| by comparing the values of the j-invariant for the elliptic curves defined as the zero loci of c t in CP 2 . Acknowledgements. This work is supported by the Australian Research Council and part of it was done during the author's visit to the Indian Institute of Science in Bangalore. The author is grateful to M. G. Eastwood for many useful discussions and for suggesting, on a number of occasions, shorter and more elegant proofs.
Proof of Theorem 1.1
Assume first that 5 ≤ k ≤ n − 2, n ≥ 7, and consider the family of algebraic hypersurfaces P t given by the following equation
The above formulas for the map p t are not a result of guessing. They arise when one attempts to reduce the equation of the hypersurface P t to the Chern-Moser normal form by performing transformations specified in Lemmas 3.2 and 3.3 of [CM] . It turns out that these transformations are sufficient for normalizing the equation of P t , and no further (harder) steps of the Chern-Moser normalization process are necessary. This is the case for all known examples of algebraic spherical tube hypersurfaces and may be a manifestation of a general fact.
Next, we will show that the hypersurfaces P t 1 and P t 2 are affinely nonequivalent for t 1 = t 2 . In order to see this, we will need the following general lemma which is also of independent interest. Lemma 2.1 Any hypersurface in R n+1 given by an equation of the form
where 5 ≤ k ≤ n − 2, Q 4 is a homogeneous polynomial of degree 4, and a, b, c ∈ R * , d ∈ R, is affinely homogeneous.
Proof: It is sufficient to prove the lemma for k = 5, n = 7. Let S be a hypersurface of the form (2.2) in R 8 . We apply to S the translation τ q : X → X − q, where X := (x 0 , . . . , x 7 ) and q ∈ S. Absorbing linear terms into x 0 , we turn the equation of τ q (S) into an equation of the form 
where L 1 and L 2 are linear functions and A, B, C, D ∈ R. Absorbing L 1 into x 5 and L 2 into x 7 , and replacing x 2 by x 2 − (A/c) x 4 − (B/b) x 6 , we obtain the equation
where L 5 and L 6 are linear functions. Finally, absorbing L 5 into x 5 and L 6 into x 7 , we obtain the original equation of S. This argument shows that S is affinely homogeneous, as required.
Let B t 1 and B t 2 be the bases of P t 1 and P t 2 , respectively. Lemma 2.1 implies that the hypersurfaces B t 1 and B t 2 are affinely homogeneous, hence B t 1 and B t 2 are affinely equivalent if and only if they are linearly equivalent. It is immediate from (2.1) that the cubic terms in the equations of B t 1 and B t 2 are trace-free, where the trace is calculated with respect to the non-degenerate quadratic form
Therefore Proposition 1 of [EE] (which is based on an argument contained in [Le] ) yields that any linear equivalence between B t 1 and B t 2 has the form
where x := (x 1 , . . . , x n ), λ ∈ R * , C ∈ GL n (R). It then follows that a sufficient condition for affine non-equivalence of B t 1 and B t 2 is linear nonequivalence over R of the fourth-order terms in their equations. Thus to establish pairwise affine non-equivalence of the hypersurfaces P t it is sufficient to establish pairwise linear non-equivalence of the quartics q t (ξ, η) := (ξ 2 + η 2 )(ξ 2 + tη 2 ) over R. Suppose that there exists a non-degenerate linear map ϕ ξ * = αξ + βη, η * = γξ + δη, α, β, γ, δ ∈ R that transforms q t 1 into q t 2 , with t 1 < t 2 . We allow ξ and η to be complex and consider ϕ as a transformation of C 2 . Then ϕ maps the zero locus of q t 1 into the zero locus of q t 2 (for any t the zero locus of q t consists of the complex lines {ξ = ±iη}, {ξ = ±i √ tη}). Consider the Möbius transformation m ϕ of CP 1 arising from ϕ. Clearly, on the subset η = 0 of CP 1 for ζ = ξ/η we have
and m ϕ maps the set σ t 1 := {±i, ±i √ t 1 } onto the set σ t 2 := {±i, ±i √ t 2 }.
If t 1 = 1, then σ t 1 is a two-point set and cannot be mapped onto the four-point set σ t 2 , hence such a map ϕ does not exist for t 1 = 1. Assume now that t 1 > 1. Then m ϕ preserves the imaginary axis in the ζ-plane, which immediately implies that αγ = 0 and βδ = 0. Then we have either β = γ = 0 or α = δ = 0, thus m ϕ is either a real dilation or the composition of a real dilation and 1/ζ. In either case m ϕ cannot map σ t 1 onto σ t 2 since t 1 < t 2 .
We have thus shown that q t 1 and q t 2 are not equivalent by means of a transformation from GL 2 (R). Note that this statement no longer holds if maps from GL 2 (C) are allowed.
Thus the algebraic spherical tube hypersurfaces P t defined in (2.1) are pairwise affinely non-equivalent. It then follows that the number of affine equivalence classes of (k, n − k)-spherical tube hypersurfaces is uncountable in the following situations:
It remains to prove the theorem for k = 4, n = 7 and for k = 4, n = 8. We will present another real 1-parameter family of hypersurfaces that is defined in a more general setting than these two remaining cases. Assume that 4 ≤ k ≤ n − 3, n ≥ 7 and consider the family of hypersurfaces P t given by the equation
hypersurfaces in C n , with n ≥ 7, given by the equations
where τ ∈ R, τ = ±2, and 0 ≤ p ≤ n − 7. Note that every hypersurface P p τ is affinely equivalent to a hypersurface P p τ ′ for which τ ′ ∈ [−6, −2) ∪ (−2, 2). The Levi form of P p τ has signature (p + 5, n − (5 + p)) for τ ∈ [−6, −2) and signature (p + 4, n − (p + 4)) for τ ∈ (−2, 2). By using Lemmas 3.2 and 3.3 of [CM] as in the proof of Theorem 1.1, one can show that P p τ is (p + 5, n − (5 + p))-spherical for τ ∈ [−6, −2) and is (p + 4, n − (p + 4))-spherical for τ ∈ (−2, 2). Next, observe that the map
is a bijection from [1, 17 + 12 √ 2) onto [−6, −2) and from (17 + 12 √ 2, ∞) onto (−2, 0). It is now not hard to see that P k−5 τ is affinely equivalent to P χ −1 (τ ) for τ ∈ [−6, −2), 5 ≤ k ≤ n − 2, and that P k−4 τ is affinely equivalent to P χ −1 (τ ) for τ ∈ (−2, 0), 4 ≤ k ≤ n − 3. In particular, the family P k−4 τ for τ ∈ (−2, 2), 4 ≤ k ≤ n − 3 extends the family P t .
Remark 2.3 It is shown in [FK2] that the affine classification problem for spherical tube hypersurfaces reduces to the problem of classifying finitedimensional real and complex nilpotent associative algebras with 1-dimensional annihilator up to abstract algebra isomorphisms (for brevity let us call such algebras admissible). In particular, there is an algorithm that associates a spherical tube hypersurface to every admissible algebra, and hypersurfaces associated to two such algebras are affinely equivalent if and only if the algebras are isomorphic. Although a general classification of admissible algebras does not exist, partial classifications corresponding to the cases k = n and k = n − 1 are not hard to obtain. They allow to recover the affine classifications of (n, 0)-and (n−1, 1)-spherical hypersurfaces found [DY] , [IM] without resorting to the zero CR-curvature equations (see [FK2] ).
Interestingly, admissible algebras arise from isolated hypersurface singularities. Suppose that W is a complex hypersurface in C N that has an isolated singularity at the origin given as the zero locus of a holomorphic function f (z 1 , . . . , z N ). Consider the corresponding moduli algebra
where O C N ,0 is the algebra of functions in z 1 , . . . , z N holomorphic in a neighborhood of the origin, and I(f ) is the ideal in O C N ,0 generated by f and all its partial derivatives. It is well-known that A is a finite-dimensional commutative associative algebra depending only on the germ of W at the origin (see e.g. [GLS] , Section 2.1). Nakayama's lemma then implies that the (unique) maximal ideal I of A is a complex nilpotent associative algebra. Assume now that the origin is a quasi-homogeneous singularity (see [S1] ). In this case f lies in its Jacobian ideal J(f ) generated by the partial derivatives of f . Hence I(f ) = J(f ), and Lemma 3.3 of [S2] implies that I is a complex admissible algebra. Thus, one can construct spherical tube hypersurfaces from I and its real forms by applying the algorithm of [FK2] .
For example, for n = 7 and every τ ∈ [−6, −2) ∪ (−2, 2) the hypersurface P 0 τ introduced in Remark 2.2 arises from a real form of the maximal ideal of the moduli algebra of a simple elliptic hypersurface singularity of typẽ E 7 . Similarly, for t = 0, 6 the hypersurface S t defined in (1.3) arises from a real form of the maximal ideal of the moduli algebra of a simple elliptic hypersurface singularity of typeẼ 6 (for details concerning simple elliptic singularities see [S2] ). This real form is isomorphic to the algebra V c −18/t mentioned in the introduction. It is interesting to observe that if, in addition, t = −3, then the values of the j-invariant of the elliptic curves defined by the zero loci of c t and c −18/t in CP 2 are reciprocal (see [E] ). The zero loci of the cubics c t for t ∈ R, t = −3, as well as the j-invariant, play a role in our proof of Theorem 1.2 in the next section.
Proof of Theorem 1.2
In this section it will be convenient for us to replace the Hermitian form z, z 3,3 by the equivalent Hermitian form
and the quadric Q 3,3 by the equivalent quadric
First of all, we observe that every hypersurface S t defined in (1.3) is (3, 3)-spherical. Indeed, S t is mapped onto Q ′ 3,3 by the following polynomial Next, we observe that the base B t of every hypersurface S t is affinely homogeneous. Indeed, let us apply to B t the translation τ q : X → X − q for q ∈ B t . Absorbing linear terms into x 0 , we turn the equation of τ q (B t ) into x 0 = Q 2 + L 1 (x 4 , x 5 , x 6 )x 4 + L 2 (x 4 , x 5 , x 6 )x 5 + L 3 (x 4 , x 5 , x 6 )x 6 + Q 3 , where Q j , j = 2, 3, are the terms of order j in the right-hand side of equation (1.3), and L 1 , L 2 , L 3 are linear functions. Absorbing L 1 into x 3 , L 2 into x 2 , L 3 into x 1 , we obtain the equation of B t . This proves that B t is affinely homogeneous. Thus B t 1 and B t 2 are affinely equivalent if and only if they are linearly equivalent.
Further, it is straightforward to see that for every t the cubic terms in the equation of B t are trace-free, where the trace is calculated with respect to the non-degenerate quadratic form Q 2 . We now argue as in Section 2 and use Proposition 1 of [EE] to conclude that two hypersurfaces S t 1 , S t 2 are affinely non-equivalent if the corresponding cubics c t 1 , c t 2 (defined in (1.4)) are linearly non-equivalent over R.
To see when two cubics are linearly non-equivalent, we think of them as functions of three complex variables and find sufficient conditions for their zero loci, viewed as curves in CP 2 , to be projectively non-equivalent. Namely, for every t ∈ R define Z t := (w 1 : w 2 : w 3 ) ∈ CP 2 : c t (w 1 , w 2 , w 3 ) = 0 .
If t = −3 the set Z t is a non-singular elliptic curve, whereas for t = −3 it has singularities at the points (1 : q : q 2 ), with q 3 = 1. We only consider small values of t and show that for t lying in some interval around 0 the curves Z t are pairwise projectively non-equivalent, which implies that for such t the cubics c t are pairwise linearly non-equivalent, as required.
The projective equivalence class of an elliptic curve (which coincides with its biholomorphic equivalence class) is completely determined by the value
